The Coulomb corrections to the helicity amplitudes of high-energy photon splitting are examined. The consideration is based on the amplitudes obtained exactly in the parameter Zα within the quasiclassical approach valid for small angles between all photon momenta. We consider the case when the transverse momenta of both final photons are much larger than the electron mass. It is shown that at Zα ∼ 1 the Coulomb corrections essentially change the result for the cross section as compared to the Born approximation. The effect of screening is also taken into account.
Introduction
One of the most interesting nonlinear QED processes at high energy is splitting of one photon into two in electric fields of atoms. The total cross section of this process does not decrease with increasing photon energy. First results on the observation of high-energy photon splitting on atoms have been obtained recently in the Budker Institute of Nuclear Physics [1] . Theoretically this process has been investigated in [2, 3, 4, 5, 6] only in the lowest order in Zα (Born approximation), Z|e| is the nucleus charge, α = e 2 /4π = 1/137 is the fine-structure constant, e is the electron charge. Though the expressions obtained in [2, 3] are rather cumbersome, some numerical calculations based on the results of these papers have been carried out in [5, 6] . Using the Weizsäcker-Williams method providing the logarithmic accuracy the cross section of the process has been obtained in an essentially simpler form in [4] . The comparison of the exact cross section [5] with the approximate result [4] has shown that the accuracy is better than 20%. The Coulomb corrections to the cross section, which can essentially modify the result as compared to that obtained in the Born approximation, have been unknown up to now.
Recently we derived in [7] the analytical expressions for the high-energy photon-splitting amplitudes. The result was obtained exactly in the parameter Zα at small angles f 2 and f 3 between the momenta k 2 , k 3 of the final photons and the momentum k 1 of the initial one. This region of angles gives the main contribution to the total cross section of the process. Small angles and high energies of photons allow one to use the quasiclassical approach developed in [8, 9] at the investigation of coherent photon scattering in a Coulomb field (Delbrück scattering). This approach gives the transparent picture of the phenomenon and essentially simplifies the calculation.
In the present paper we start from the analitycal results obtained in [7] and investigate the role of the Coulomb corrections in the photon splitting process. We restrict ourselves to the case |k 2⊥ | = ω 2 f 2 ≫ m, |k 3⊥ | = ω 3 f 3 ≫ m ( ω i = |k i |, m is the electron mass) when the amplitudes can be essentially simplified. A pure Coulomb potential as well as the influence of screening is considered.
Kinematics of the process
Below we use the coordinate system with z-axis directed along k 1 so that a z = ak 1 /ω 1 and a ⊥ = a − a z k 1 /ω 1 for an arbitrary vector a. According to the uncertainty relation the lifetime of the virtual electron-positron pair is τ ∼ |r 2 − r 1 | ∼ ω 1 /(m 2 +∆ 2 ), wherẽ ∆ = max(|k 2⊥ |, |k 3⊥ |) ≪ ω 1 . The characteristic transverse distance between the virtual particles can be estimated as (m 2 +∆ 2 ) −1/2 , which is much smaller than the length of the electron-positron loop. The characteristic impact parameter is ̺ ∼ 1/∆ , where ∆ = k 2 + k 3 − k 1 is the momentum transfer. At small k 2⊥ and k 3⊥ (f 2,3 ≪ 1) we have
The characteristic angular momentum is l ∼ ω/∆ ≫ 1 , and the quasiclassical approximation can be applied.
Let us discuss a screened Coulomb potential. In the Thomas-Fermi model the screening radius is r c ∼ (mα)
(R is the nucleus radius), then the screening is inessential and the amplitude coincides with that in the pure Coulomb field. At 1/∆ ∼ r c the screening should be taken into account. Obviously, the impact parameters ̺ ≫ r c do not contribute to the total cross section. Due to this fact we shall concentrate ourselves on the momentum transfer region corresponding to the impact parameter ̺ ≤ r c . If
, then it follows from (1) that the condition ̺ ≤ r c holds only when
c . Thus, the main contribution to the amplitude is given by the region of momentum transfer ∆ ⊥ , restricted from below. In addition, at ω/(m 2 +∆ 2 ) ≫ r c the angles between k 1,2,3 and r 1,2,3 are either small or close to π , and corresponding expansions are used in our calculations.
According to the Furry theorem the photon-splitting amplitude is an odd function with respect to the parameter Zα. In the Born approximation the amplitude is proportional to the Fourier transform of the Coulomb potential (∼ Zα/∆ 2 ). Therefore, the region of very small momentum transfers ∆ ∼ r is essential, and screening should be taken into account. In next orders of perturbation theory with respect to the parameter Zα ( Coulomb corrections ) the integral over all momenta corresponding to the external field should be taken provided that their sum is equal to ∆. Therefore, even at ∆ ∼ r −1 c each momentum is not small and the screening can be neglected. In the Born approximation the screening can be taken into account by multiplying the amplitude by the factor [1 − F (∆ 2 )], where F (∆ 2 ) is the atomic electron form factor. Thus, to find the photon-splitting amplitude in a screened Coulomb field it is sufficient to solve the problem in a pure Coulomb field.
Amplitudes
It is convenient to perform the calculations in terms of the helicity amplitudes
. The longitudinal components of the polarization vectors e i can be eliminated owing to the relation e i k i = 0 which leads to e z = −e ⊥ k ⊥ /ω. After that within a small-angle approximation one can neglect the difference between vectors (e 2,3 ) ⊥ and the polarization vectors of photons propagating along k 1 and having the same helicities. Therefore, the amplitudes M λ 1 λ 2 λ 3 (k 1 , k 2 , k 3 ) are expressed in terms of the polarization vectors e and e * corresponding to positive and negative helicities, respectively. It is sufficient to calculate three amplitudes, for instance,
. The rest amplitudes can be obtained by substitutions:
where Λ denotes the helicity opposite to λ Let us introduce two-dimensional vectors
We represent the amplitudes obtained in [7] for |k 2⊥ | ≫ m, |k 3⊥ | ≫ m in the following form
where q is a two-dimensional vector lying in the plane perpendicular to k 1 , ∆ denotes ∆ ⊥ .
In eq. (2) the following notation is used:
Note that vectors e and e * appeared in denominators in (2) owing to the use of the relation 2(ea)(e * a) = a 2 .
As it was mentioned above, the photon-splitting amplitude obtained in the Born approximation [2, 3] for arbitrary energies and momentum transfers is rather cumbersome. It is interesting to obtain the Born amplitude from (2) . In this approximation
.
It is convenient to rewrite the quantities D 1−3 in (3) as
After that we shift the variable of integration q in each term so that the quantities D 1−3 become independent of the angle φ of the vector q. For instance, in the terms containing D 1
we make the substitution q → q − κ 2 −κ 3 ω 1 ∆. After passing to the variable z = exp(iφ) we can easily take the corresponding contour integral. Taking also the integrals with respect to |q| and ǫ, we get for the Born amplitudes
where
It follows from (3) that ln(−a 1 ) should be interpreted as ln(−a 1 + i0) = ln(a 1 ) + iπ. Besides,
The result (5) (5) should be multiplied by the atomic form factor (1 − F (∆ 2 )). For the case of Molière potential [10] it reads
Remind that the representation (5) is valid when |k 2⊥ | , |k 3⊥ | ≫ m.
Let us consider the asymptotics of the amplitudes (2) at |∆ ⊥ | ≪ |ρ|, where ∆ ⊥ = ω 2 f 2 + ω 3 f 3 and ρ = (ω 2 f 2 − ω 3 f 3 )/2. It is this region of variables which gives the main contribution to the cross section in the Weizsäcker-Williams approximation. To get this asymptotics we multiply T in (2) by
, where |∆| ≪ q 0 ≪ |ρ|. Then, for the term in (2) proportional to ϑ(q 2 0 − q 2 ) one can put q = 0 and ∆ = 0 in T and integrate by parts over q. After that, using the relation
one can easily take the integral over q since at |q| = q 0 ≫ |∆| one has
As a result, in the region |q| < q 0 the term proportional to Zα is independent of q 0 and the terms of next orders in Zα are small in the parameter |∆|/q 0 .
For the term proportional to ϑ(q 2 − q 2 0 ) we get
We put ∆ = 0 in T and perform the integration first over the angles of q and then over |q|. As a result, the main in q 0 /|ρ| contribution is independent of q 0 and proportional to Zα. Taking the sum of the contributions from these two regions and performing the integration over the energy ε, we get
In the small-angle approximation (|f 2 |, |f 3 | ≪ 1) the cross section of the process reads:
where x = ω 2 /ω 1 , so that ω 3 = ω 1 (1 − x). In terms of the variables ρ and ∆ the cross section has the form dσ = |M| 2 d∆ dρ dx
Substituting (8) into (10) and performing the elementary integration over the angles of vectors ∆ and ρ, we come to the expression
where the function g(x) for different polarizations has the form
Formulae (11) and (12) for the screened Coulomb potential and ∆ min ∼ ρ 2 /ω 1 for the pure Coulomb case. It is interesting to compare the contributions of different helicity amplitudes to the cross section at ∆ → 0. In Fig. 1 the function g(x) is shown for different helicities as well as the quantitȳ
which corresponds to the summation over the final photon polarizations. It is seen that g(x) has a wide plateau.
The Coulomb corrections to the photon-splitting amplitude at ∆ → 0 are small compared to the Born term (8) . We consider the asymptotics of the Coulomb corrections at ∆ → 0 in the next Section.
Coulomb corrections
To analyze the Coulomb corrections we make the further transformation of the expression (2). Let us multiply right side of (2) by
and make the substitution q → q + ∆/y. After that the integral over |q| becomes trivial, and the integral over the angle of q can be easily taken by means of the residue technique. Finally, we get
2ω 2 (e * r 1 ) 1 κ 2 (e * r 1 )(ef 2 ) − κ 3 (1/y − 1)(e∆)(e * f 3 ) + 1 ε(e * r 1 )(ef 23 ) − κ 3 (1/y − 1)(e∆)(e * f 3 ) .
Here we use the following notation:
Since the function R in (14) is independent of the parameter Zα the Coulomb corrections M (c) can be obtained from (14) by the substitution
The asymptotics of M (c) at ∆ → 0 depends on the photon helicities. The most simple way to get this asymptotics is to start directly from (2). For M 
It follows from (16) ++− depend only on the direction of vector ∆, but not on its module (it becomes obvious after the substitution q → q ∆). We discuss the role of Coulomb corrections in the next Section.
Cross section
As it was suggested in [11] , to overcome the problems of background in the measurement of photon splitting one has to register the events with |f 2,3 | ≥ f 0 where f 0 ≪ 1 is determined by the experimental conditions. Let us consider the cross section integrated over f 3 for |f 3 | > f 0 . It is interesting to compare the exact ( in Zα ) cross section dσ/dx df 2 with that obtained in the Born approximation (dσ B /dx df 2 ) and also with the cross section in the Weizsäcker-Williams approximation (dσ W /dx df 2 ). Remind that dσ W /dx df 2 is in fact the Born cross section calculated within logarithmic accuracy. Large logarithm corresponds to the contribution of the region ∆ ≪ ρ = |ω 2 f 2 − ω 3 f 3 )/2|, where f 3 ≈ xf 2 /(1 − x). Taking the integral over ∆ 2 in eq. (11) 
and summing over the final photon polarizations we get for a pure Coulomb potential
For the case of a screened Coulomb potential the approximate cross section is
The function γ in eq. (18) is
and the coefficients α i , b i and β 0 are defined in eq. (7 .
In these figures the solid curves represent the exact cross sections, the dashed ones are Born results (dσ B /dx df 2 ) and the dash-dotted are obtained in the Weizsäcker-Williams approximation. At x = 0.7 (Fig. 2 ) the difference between dσ B /dx df 2 and dσ W /dx df 2 is small. At x = 0.3 ( Fig. 3) dσ B /dx df 2 differs noticeably from dσ W /dx df 2 . Note that within a good accuracy the cross section dσ B /dx at x = 0.3 agrees with that obtained from eq. (17) after the integration over f 2 . It should be so, since dσ/dx is invariant with respect to the substitution x → 1 − x and at x = 0.7, as we pointed out above, the approximate result (17) is in accordance with the exact one. At x = 0.5 a big difference between dσ B /dx df 2 and dσ W /dx df 2 (see Fig. 4 ) in the region f 2 ∼ f 0 can be explained as follows.
The large logarithm appears as a result of integration with respect to f 3 over the range |(1 − x)f 3 + xf 2 | ≪ xf 2 . After the integration over the azimuth angle ϕ between vectors f 2 and −f 3 we should integrate over f 3 from f 0 up to xf 2 /(1 − x) and from xf 2 /(1 − x) to infinity. If xf 2 /(1 − x) ≈ f 0 then the contribution of the first region vanishes and the cross section becomes approximately two times smaller (in accordance with Fig. 4) . In all cases the exact cross section at Zα ∼ 1 is noticeably smaller than the Born one. The magnitude of this effect depends on kinematics. For instance, at x = 0.3 ( Fig. 3 ) and f 2 < f 0 (1 − x)/x when ∆ ∼ ρ the exact cross section is several times smaller than the Born one, while for f 2 > f 0 (1 − x)/x the difference of these cross sections is about 15%. For x = 0.5 and 0.7 (Figs. 3,4) this difference is about 20% and almost independent of f 2 /f 0 . All indicated relations between cross sections take place also when screening is taken into account. Emphasize that at ∆ ∼ ρ and Zα ∼ 1 the exact cross section differential over all variables (dσ/dx df 2 df 3 ) is much smaller than the Born one. In Fig.  5 this differential cross section is shown for the case of a screened Coulomb potential. The peak for azimuth angle φ = π corresponds to small ∆. There is a narrow notch at f 3 = xf 2 /(1 − x) which corresponds to the condition ∆ ⊥ = 0. The width δf 3 of the notch is about max(∆ z /ω 3 , β 0 /ω 3 ). For the parameters used in Fig. 5 , δf 3 is about 10 −4 .
Let us discuss now the cross section dσ/dx. In the Weizsäcker-Williams approximation for a pure Coulomb potential the cross section dσ W /dx obtained from (17) is
If ω 1 f 2 0 /(1 − x) ≪ β 0 , then the corresponding cross section in a screened potential has the form
The inequality ∆ ≪ ρ which provides the applicability of the Weizsäcker-Williams approximation corresponds to a small angle ϕ between the vectors f 2 and −f 3 ( when the vectors f 2 and f 3 have almost opposite directions). So, it is interesting to consider the quantity dσ B (ϕ max )/dx which is the Born cross section integrated over the angle ϕ from −ϕ max to ϕ max . In the case of a pure Coulomb potential the dependence of (πf 2 0 σ 0 ) −1 dσ B (ϕ max )/dx on ϕ max is shown in Fig. 6 for different x and f 0 = 10 −3 . One can see that the cross section is saturated at relatively large ϕ max . The same conclusion is valid for the case of a screened Coulomb potential.
Let us represent the exact cross section as a sum dσ/dx = dσ B /dx + dσ C /dx. As it was mentioned above, the region of small momentum transfers ∆ is not important for the Coulomb corrections dσ C /dx. Therefore, one can neglect the effects of screening in the calculation of dσ C /dx. The quantity F = (πf 2 0 σ 0 ) −1 dσ C /dx is independent of f 0 and ω 1 and is the function of Zα and x. The dependence of F on x for different Z is shown in Fig.  7 . On can see that the Coulomb corrections diminish the cross section of the process. To realize the magnitude of this effect we plot in Fig. 8 the cross sections dσ/dx, dσ B /dx and dσ W /dx for Z = 83 and f 0 = 10 −3 . It is seen that the Coulomb corrections are important. This is the consequence of the fact that at Zα ∼ 1 the constant added to the logarithm, i.e. the quantity x 2 F/ḡ(x), is large enough in a wide range of x. Although this quantity is independent of f 0 and ω 1 , the relative contribution of the Coulomb corrections to the exact cross section depends on these parameters since the large logarithm contains them.
Due to the gauge invariance the cross section dσ/dx should be equal to zero at x = 1 if the electron mass is not neglected. This is not the case for massless particles as it has been noted in [12] . That is why the cross section dσ/dx calculated in zero-mass limit does not vanish at x → 1 (see Fig. 8 ) . When x → 1 the main contribution to the cross section comes from the range of angles
where the Weizsäcker-Williams approximation is not applicable. Since f 3 ≪ 1, the relation 1 − x ≫ f 2 0 should be fulfilled. Besides, the condition
If we represent the amplitude M of the process as a sum of Born amplitude M B and Coulomb corrections M C , then
Taking into account in M C only the lowest in Zα term (proportional to (Zα)
3 ), we get dσ
2 , where c 1 and c 2 are independent of Zα and c 2 > 0 . The dependence of (Zα) −2 (πf 2 0 σ 0 ) −1 dσ C /dx on Zα is shown in Fig. 9 for different x. One can see that starting from Z ∼ 15 the contribution of the next order Coulomb corrections essentially modifies the behavior of dσ C .
Thus, the Coulomb corrections are very important for the adequate description of highenergy photon splitting and must be taken into account at the comparison of theory and experiment.
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